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Abstract
A perturbative quantum theory of the two Killing vector reduction of Einstein
gravity is constructed. Although the reduced theory inherits from the full one
the lack of standard perturbative renormalizability, we show that strict cutoff
independence can be regained to all loop orders in a space of Lagrangians
differing only by a field dependent conformal factor. A closed formula is
obtained for the beta functional governing the flow of this conformal factor.
The flow possesses a unique fixed point at which the trace anomaly is shown
to vanish. The approach to the fixed point is compatible with Weinberg’s
“asymptotic safety” scenario.
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The non-renormalizability of the Einstein-Hilbert action in a perturbative expansion
around a fixed background spacetime [1, 2, 3] is often taken to indicate that a quan-
tum theory based on it is meaningful only as an effective field theory with a domain
of applicability that is limited both in the infrared and in the ultraviolet (UV) regime.
Quantitatively however the corrections in the effective field theory realm are way too
small to be physically relevant [4]. “Large” quantum gravity effects, if any, require a
much higher degree of universality viz insensitivity on the cut-off and computational pro-
cedures. Early on S. Weinberg [1] stressed that in a Wilsonian framework this would
(hypothetically) be the case if the averaging flow had a hidden UV stable fixed point,
whose critical manifold might still be finite dimensional. This would be equivalent to
quantum Einstein gravity being non-perturbatively renormalizable! – a scenario whose
verification or refutation is clearly of outstanding theoretical significance. Some version
of this “asymptotic safety” scenario arguably underlies also the dynamical triangulations
approach to quantum gravity and, at least indirectly, the canonical quantization program
of A. Ashtekar and its ramifications. The scenario lay mostly dormant since [1], pre-
sumably for lack of evidence and computational techniques. Recently however important
evidence for its viability has been reported by M. Reuter and O. Lauscher [5, 6]. Their
setting is that of ‘exact’ flow equations for an averaged effective action functional. Due to
the complexity of the problem only the (extended) Einstein-Hilbert truncation has been
studied, corresponding to a projection of the averaging flow into a 2 (or 3) dimensional
subspace in which a non-Gaussian fixed point is seen [6].
Here we report on fairly complete results obtained on analogous issues in a truncation of
Einstein gravity describing spacetimes with two Killing vectors. The reduced system turns
out to inherit the non-renormalizability of full Einstein gravity (beyond one loop). The
renormalization flow will therefore move in an infinite dimensional space of Lagrangians
constrained only by the initial symmetry requirement. In this space we are able to regain
UV renormalizability in the sense of strict cutoff independence. The space turns out to
be parameterized by functions h( · ) of one real variable which generalize the notion of
a renormalized coupling. Functions connected by the renormalization flow µ→h( · , µ)
defined below are regarded as equivalent. This infinite dimensional space is now the
appropriate arena to search for a fixed point (function) and, remarkably, there is one!
Moreover it is unique and the renormalization flow appears to be driven locally toward
the fixed point. Of course one cannot expect that “truncation of classical degrees of
freedom” and “quantization” are commuting operations. Based on the ‘anti-screening’
nature of the interaction [4] it is however hard to imagine that a symmetry reduction
of classical degrees of freedom would make the UV renormalization properties worse. In
other words, our analysis also provides a complementary test of the asymptotic safety
scenario: If quantum Einstein gravity indeed has a hidden fixed point it should emerge
already in the symmetry reduced quantum theory (but not vice versa).
1
We begin with describing the outcome of the classical reduction procedure [7, 8]. One is in-
terested in the solutions of Einstein’s equations with two commuting Killing vectors. They
cover a variety of physically interesting situations: If one of the Killing vectors is timelike
these are stationary axisymmetric spacetimes, among them in particular all the prominent
black hole solutions. If both Killing vectors are spacelike the subsector comprises (depend-
ing on a certain signature) cylindrical gravitational waves, colliding plane gravitational
waves, as well as generalized Gowdy cosmologies. The set of all these solution is equipped
with a symplectic structure which is induced by the standard symplectic structure of gen-
eral relativity. It is important that both the reduced Einstein equations and the induced
symplectic structure follow from a two-dimensional (2D) action principle, which we take
as the basis for developing the quantum theory. This action couples 2D gravity non-
minimally via a “radion” field ρ to a 2D matter system. The radion field is related to the
determinant of the internal metric, the matter system is a noncompact O(1, 2) nonlinear
sigma-model. This means the fields are maps n = (n0, n1, n2) from the 2D spacetime man-
ifold into the hyperboloid Hǫ = {n = (n
0, n1, n2) ∈ IR1,2 |n ·n = (n0)2−(n1)2−(n2)2 = ǫ}.
The sign ǫ = ±1 distinguishes the two main situations, where either both Killing vectors
are spacelike (ǫ = +1) or only one of them (ǫ = −1). Accordingly the 2D metric γµν
will either have Lorentzian or Euclidean signature; without (much) loss of generality we
shall always assume it to be conformally flat γµν ∼ e
σηµν , and describe the dynamics in
terms of σ. The phase space is then characterized by the equations of motion and the
symplectic structure following from the flat space action S =
∫
d2xL, with
L(n, ρ, σ) = −
1
2λ
[ρ∂µn · ∂νn + ǫ∂
µρ∂µ(2σ + ln ρ)] , (1)
where n ·n = ǫ and λ is Newton’s constant per unit volume of the internal space. Further,
to account for the original 2D diffeomorphism invariance, the weak vanishing of the hamil-
tonian and the diffeomorphism constraints H0 ≈ 0, H1 ≈ 0 has to be imposed. The latter
are given by H0 = T00 and H1 = T01, if Tµν denotes the classical energy momentum ten-
sor derived from (1). The trace T µµ vanishes on-shell. Classical observables are quantities
which Poisson commute with these constraints and are weakly nonvanishing. A unique
feature of the 2-Killing reduction is that an infinite set of such (nonlocal) observables can
be constructed explicitly! (They are analogues of the nonlocal conserved charges in con-
ventional sigma-models [9].) This makes the system a compelling laboratory for studying
quantum aspects of general relativity [13, 14, 12, 15].
We now want to embark on a Dirac quantization of the system. That is the vector n
as well as ρ, σ are promoted to independent quantum fields whose dynamics is governed
by the action (1). The constraints are intended to be defined subsequently as composite
operators in terms of which the projection onto the physical state space is formulated.
Clearly the key issue to be addressed is that of the renormalizability of an action func-
tional motivated by (1) and its symmetries and extended by suitable sources needed to
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define composite operators. In contrast to nonlinear sigma-models without coupling to
gravity we find that the quantum field theory based on (1) is not UV renormalizable in
the strict sense. Renormalizability in the strict quantum field theoretical sense typically
presupposes that the bare and the renormalized (source extended) action have the same
functional form, only the arguments of that functional (fields, sources, and coupling con-
stants) get renormalized. Though the bare action is motivated by the classical one it can
be very different from it. In any case the form of the (bare=renormalized) action func-
tional is meant to be known before one initiates the renormalization. The 2-Killing vector
reduction of general relativity has been known for some time to be renormalizable at the
1-loop level [11]. Here we confirm this result, but we also find that the system is not renor-
malizable in the above sense beyond one loop. This means the reduced system accurately
portrays the features of full Einstein gravity [2, 3]. Technically the non-renormalizability
arises because the dependence on the dimensionless radion field ρ is not constrained by
any Noether symmetry. Thus it can – and does – enter the counter terms in a different
way as in the bare action, no matter how the latter is chosen.
The solution we propose is to renormalize the theory in a space of Lagrangians which
differ by an overall conformal factor that is a function of ρ. More precisely we showed
that to all orders in the loop expansion nonlinear field renormalizations exist such that
for any prescribed bare hB( · ) there exists a renormalized h( · ) such that
hB(ρB)
ρB
L(nB , ρB, σB) =
h(ρ)
ρ
L(n, ρ, σ) ,
but hB( · ) 6= h( · ) . (2)
A subscript ‘B’ denotes the bare fields while the plain symbols refer to the renormal-
ized ones. The fact that hB( · ) and h( · ) differ marks the deviation from conventional
renormalizability; it holds with one notable exception described below. In order to be
able to perform explicit computations we derive this result in a specific computational
scheme: Dimensional regularization, minimal subtraction and the covariant background
field expansion, with adaptations from [18, 19]. Ultimately the reason why (2) works is
that L possesses two conformal symmetries in field space (possibly linked to those in [10])
which together with the obvious strict symmetries characterize the Lagrangian up to a
ρ-dependent prefactor. Denoting by Lh the right hand side of (2) there exist currents Cµ
and Dµ obeying the on-shell identities
∂µCµ = ρ∂ρ ln h · Lh , ∂
µDµ = − ln ρ · ρ∂ρ ln h · Lh . (3)
They can be promoted to Ward identities for the corresponding composite operators and
could also serve to characterize the theory in a regularization independent way. (See
[17] for an analysis of this type for conventional sigma-models). We made no attempt to
3
address the infrared problem here because, guided by the analogy to the abelian sector
[14], we expect it to disappear upon projection onto the physical state space. Even in
the above explicit scheme the details of the renormalization are fairly technical and will
be described in [16]. Here we only mention three important points concerning composite
operators, again valid to all orders of the loop expansion: (i) Arbitrary functions of ρ are
finite as composite operators; no additional renormalizations are needed. (ii) The O(1, 2)
Noether currents J iµ, i = 0, 1, 2, can be defined as finite composite operators and obey
[[J iµ(h, n)]] = J
i
µ(hB, nB), where [[ · ]] denotes the normal product in the above scheme.
(iii) The energy momentum operator can be defined as a composite operator [[Tµν ]]; it is
unique up to an improvement term of the form ∆Tµν = (∂µ∂ν − ηµν∂
2)Φ, where the bare
and the renormalized improvement potential are of the form ΦB = fB(ρB) + f0σB and
Φ = f(ρ) + f0σ, respectively. Here f0 is a finite constant and in general fB( · ) 6= f( · ).
The function h( · ) plays the role of a generalized (renormalized) coupling. In contrast to
Newton’s constant λ, which is an ‘inessential’ coupling in Weinberg’s terminology [1] (both
in our truncated and in full quantum Einstein gravity) the function h( · ) can be seen from
(3) to be an essential coupling (or rather an infinite collection thereof), while λ does not
require renormalization. To lowest order it is fixed by strict renormalizability to be h(ρ) =
ρp + O(λ), for some p 6=0. To this order it has a direct physical interpretation. Namely
h(ρ)/ρ is the conformal factor in a Weyl transformation GMN(x)→Ω(ρ(x))GMN(x) of a
generic 4D metricGMN(x) with two Killing vectors in adapted coordinates. The spacetime
dependence of Ω enters only through the scalar field ρ, a concept familiar from scalar-
tensor theories of gravity. Beyond one loop one is forced to allow for nontrivial finite
deformations h(ρ) = ρp + λ
2π
h1(ρ) + (
λ
2π
)2h2(ρ) + . . ., where hl(ρ), l ≥ 1, can be arbitrary
functions of ρ, and for definiteness we take p > 0 from now on. The deformation is
necessary because h( · ) is subject to a nontrivial flow equation µ d
dµ
h = βh(h/λ), where µ
is the renormalization scale and µ→h( · , µ) is the ‘running’ coupling function. To avoid
a possible misunderstanding let us stress that the way how h( · , µ) depends on its first
argument changes with µ, not just the value h(ρ(x)), which is still a function of spacetime
and hence not a good coupling. The specific form of the corresponding functional beta
function βh(h) does not allow one to preserve h(ρ) ∼ ρ
p, even if this was the inital choice
for some normalization scale µ0. However one can impose h(ρ)/ρ
p→ 1 for ρ→∞ as a
boundary condition; it is preserved under the flow and guarantees that the flow is solely
driven by the counter terms, as it should.
Remarkably βh(h) can be obtained in closed form and is given by
βh(h/λ) = −ρ∂ρ
[
h(ρ)
λ
∫
∞
ρ
du
u
h(u)
λ
βλ
( λ
h(u)
)]
. (4)
Here βλ(λ) is the conventional (numerical) beta function of the O(1, 2) nonlinear sigma-
model without coupling to gravity, computed in the minimal subtraction scheme. βh(h)
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can thus be regarded as a “gravitationally dressed” version of βλ(λ), akin to the phe-
nomenon found in [22] in a different context. With βh(h) known explicitly we can search
for a fixed point function hbeta( · ), satisfying βh(h
beta) = 0. Most importantly it exists.
Further subject to the above asymptotic boundary condition it is unique and comes out
as
hbeta(ρ) = ρp −
λ
2π
2ζ2
ζ1
−
( λ
2π
)2 3ζ3
2ζ1
ρ−p + . . . , (5)
where lζl, l≥1, are the O(1, 2) beta function coefficients: ζ1 = −ǫ, ζ2 = 1/2, ζ3 = ǫ5/12
[23, 24]. Note that both the functional form and the numerical coefficients in hbeta(ρ) are
fixed by the “conformal renormalizability” condition (2). Moreover, although we use a
loopwise expansion to construct the fixed point (5) it can be regarded as “non-Gaussian”
in the following sense: There exists a function hren( · ) for which hrenB ( · ) = h
ren( · ), so
that one almost recovers conventional renormalizability. (A similar concept was recently
employed in the context of T-duality [21]) However beyond one loop hren(ρ) differs from
hbeta(ρ), in particular βh(h
ren) 6= 0. Thus if one was to explore the vicinity of this
conventionally renormalizable Lagrangian the fixed point (5) could not be seen and, in
view of Eq. (7) below, there was little chance to impose the constraints. Finally we
cannot resist mentioning the resemblance of (5) to the “least coupling” form of the dilaton
functional proposed in [28].
From a Wilsonian viewpoint the linearized flow around a fixed point encodes informa-
tion about the critical manifold and the rate of approach to it. For the functional flow
µ→h( · , µ) induced by (4) we write h( · , µ) = hbeta( · )+ λ
2π
δh( · , µ)+O(λ2) and linearize
in δh. The resulting integro-differential equation can be solved analytically and reveals
the following pattern
δh(ρ, µ) −→ 0 for
{
ǫ = +1 and µ→∞
ǫ = −1 and µ→ 0 .
(6)
The behavior (6) suggests ultraviolet stability of the fixed point for ǫ = +1 and infrared
stability for ǫ = −1. Heuristically one can argue [16] that the ǫ = +1 case (where both
Killing vectors are spacelike) captures the intuition behind a truncated version of the
4D functional integral for (Lorentzian or Euclidean) quantum gravity. The same is not
true for the sector with one timelike and one spacelike Killing vector (ǫ = −1). The
existence of an ultraviolet fixed point in the non-renormalizable ǫ = +1 theory therefore
is in the spirit of the asymptotic safety scenario. To quote from [1]: “A theory is said to
be asymptotically safe if the ‘essential’ coupling parameters approach a fixed point as the
momentum scale of their renormalization point goes to infinity.” However there are also
important differences: Due to the complicated form of βh(h) no preferred parameterization
of h( · , µ) in terms of numerical running couplings exist; the solutions δh can be grouped
into classes with qualitatively different rate of decay (it is not always powerlike). In
particular there is no obvious way to define the dimension of the critical manifold.
5
In order for hbeta to qualify as a good fixed point one should also have a chance to impose
the constraints when h = hbeta. From the result (iii) described after Eq. (3) we know
that T00 = H0 and T01 = H1 can be defined as composite operators. Clearly a necessary
condition for the quantum constraints to have a sufficiently large ‘kernel’ on the state space
generated by ρ, ∂µσ, J
i
µ is that the trace anomaly vanishes. This is to say there should
exist an improvement potential Φ = f(ρ) + f0σ such that when [[T
µ
µ]] is computed as a
composite operator in the above scheme it vanishes modulo contributions proportional
to the equations of motion operator. The counter terms relating fB(ρB) to f(ρ) and
those relating ρB to ρ depend on h. This triggers a non-autonomous inhomogeneous flow
equation for a running f( · , µ). One might expect that when h becomes stationary also
f becomes stationary and defines the proper improvement potential at the fixed point.
This is indeed the case, moreover
µ
d
dµ
h = 0 = µ
d
dµ
f ⇐⇒ [[T µµ]] = 0 , (7)
to all loop orders. That is, the trace anomaly of the improved energy momentum tensor
vanishes precisely at the fixed point of the functional flow. The proof links the stationarity
of f to a variant of the Curci-Paffuti relation [20, 16]. The combinations [[H0 ±H1]] are
then expected to generate a 2D conformal algebra with formal central charge c=4. The
value c = 4 in itself has little significance because the (sub-) state space generated by
ρ, ∂µσ has indefinite metric. The latter feature is not an artifact, it is directly related to
the notorious “conformal factor problem” of 4D quantum Einstein gravity. As stressed
in [25], even for free field doublets of opposite signature inequivalent quantizations exist
which affect the value of c through the choice of vacuum. For the 2-Killing reduction
a complete construction of the physical state space is presumably only possible in a
bootstrap formulation as in [15]. Showing the equivalence of the present Lagrangian-
based quantum theory and the bootstrap theory is therefore a major desideratum. For
this already the construction of the first nonlocal quantum observable at the fixed point
(following Lu¨scher’s strategy in the O(3) sigma-model [9]) would be indicative. The
Lagrangian construction on the other hand provides a direct link to 4D quantum Einstein
gravity; in particular the fixed point in the truncated theory established here appears to
be a necessary prerequisite for a fixed point in full quantum Einstein gravity.
In this letter we investigated the 2-Killing reduction of pure Einstein gravity. Classically
a large class of matter couplings can be included [26] ranging from Einstein-Maxwell and
dilaton-axion gravity [27] to N = 16 supergravity [29]. The fixed point structure of all
these systems can be studied along similar lines.
Acknowledgments: We wish to thank M. Reuter, N. Mohammedi, and D. Maison for
useful discussions.
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